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Diffraction by a flat airfoil in uniform flow is analytically examined, focusing on the acquisition of an accurate

series solution for both low- andhigh-frequency incidentwaves. Formulation of integral equations is based on the use

of the Wiener–Hopf technique in the complex domain. As the kernels of the integral equations are multivalued

functions having a branch cut in the complex domain, the unknown in the integral operator is assumed to be a

constant. Therefore, the solution is a zeroth-order approximate solution adequate for a high-frequency problem. In

this study, the unknown is expanded by aTaylor series of an arbitrary order in the analytic region, and the solution is

obtained in series form involving a special function called a generalized gamma function �m�u; z�. As the generalized

gamma functions occurring in finite diffraction theory have the specific argument u as “nonnegative integer� 1
2
,”

the authors used their previously determined exact and closed-form formulas of this special function to obtain the

complete series solution. The present series solution exhibits faster convergence at a high frequency compared to a

low frequency, whereas the Mathieu series solution in the elliptic coordinates converges faster at a low frequency

relative to a higher frequency. Through exact and asymptotic evaluations of inverse Fourier transforms, the

scattered and total acoustic fields are visualized in a physical domain and each term of the solution is physically

interpreted as 1) semi-infinite leading-edge scattering, 2) trailing-edge correction, and 3) interaction between leading

and trailing edges, respectively.

Nomenclature

a = speed of propagation in convected medium
c = speed of sound in medium at rest
F� = plus functions which are analytic in the upper-half

plane of the complex domain, i.e.,
Im���>��2 cos �e

F� = minus functions which are analytic in the lower-half
plane of the complex domain, i.e., Im���< �2 cos �e

k = wave number of an incident wave in the physical
domain

l = half length of the flat airfoil
U,M = speed and Mach number of uniform flow
x, y = Cartesian coordinate in the physical domain
�m�u; z� = generalized gamma function (gamma function

for m� 0)
�i, �e = incidence angle in physical and the nondimensional

Prandtl–Glauert domain
� = wave number of an incident wave in the

nondimensional Prandtl–Glauert domain
(�� �1 � i�2 , �1 � �2 > 0)

� = independent variable in the complex domain
�, � = Cartesian coordinate in the nondimensional

Prandtl–Glauert domain
� = scattered acoustic potential in the complex domain

(Fourier transform of �)
’ = acoustic potential in the physical domain

� = scattered acoustic potential in the nondimensional
Prandtl–Glauert domain

� = unknown function in the Wiener–Hopf integral
equation

I. Introduction

A NAIRFOIL encountering a small perturbation convected in the
wind can be studied analytically bymodeling the airfoil and the

small perturbation by a thin/flat airfoil and a monochromatic plane
wave in uniform flow, respectively, for mathematical convenience.
This flat airfoil is called a finite strip, and the flow is parallel to the
strip to avoid generating lift force on the strip. This problem is
governed by a convective wave equation of acoustic potential, and
the corresponding boundary condition is imposed on the strip as an
impermeability condition ofNeumann type.Meanwhile, because the
boundary conditions ahead of and behind the strip are given as
Dirichlet type, themajor difficulty inmathematical analyses has been
to solve this three-part mixed boundary value problem (MBVP). In
this paper, the authors focus on improving the mathematical analysis
of this simplified problem so that the methodology and results can be
applied to similar problems in the fields of optics, electromagnetism,
and acoustics.

Since the exact solution of a semi-infinite problem was obtained
by Sommerfeld [1] in 1896 for optical waves, diffraction by a finite
strip has seen extensive study. The first outstanding work on a finite
strip was published by Schwarzschild [2] in 1902. He obtained a
solution by solving iterative semi-infinite problems through
modifications of unsatisfied boundary conditions. This approximate
analysis is physically reasonable and is advantageous in that each
semi-infinite problem has two-part mixed boundary conditions. The
existing formulas for the far-field acoustics by Amiet [3] and
Martinez and Widnall [4] were derived using Schwarzschild’s
concept [2]. However, an iterative analysis becomes highly
complicated when the number of iterations is increased so as to
improve accuracy, especially in the case of low-frequency incident
waves. Therefore, this method usually ends with only a single
iteration, which is acceptable in the case of a high-frequency
problem. In terms of accuracy, the most rigorous and the only exact
solution obtained to date is theMathieu [5] series solution set forth by
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Morse and Rubenstein [6] in 1938. They regarded the finite strip as a
degenerate ellipse and separated the wave equation in the elliptic
coordinates following the original idea of Sieger [7] in 1908. In spite
of its exactness, this solution has rarely been used (recently, the
Mathieu [5] series solution was used for a validation example of a
silent aircraft technology [8]), due to its poor convergence in the
high-frequency range and difficulties [9,10] in employing the
Mathieu functions. To describe the high-frequency diffraction
phenomena with reasonable accuracy, Keller [11] developed the
geometrical theory of diffraction (GTD), a well-known asymptotic
theory. GTD is physically comprehensive and has been widely used
in acoustics, electromagnetism, and optics. However, it is not valid in
the neighborhood of shadow and reflection boundaries of incident
waves and also cannot be employed to analyze grazing incidence
problems. Following these works, a number of attempts were made
to obtain an exact solution in a convenient form for electromagnetic
and acoustic waves, as reviewed by Luneburg [12] in 1996.

The major difficulty commonly manifested in the analytical
considerations in these works is the geometric finiteness of the strip.
As the strip is of a finite length, boundary conditions are imposed as a
three-part mixed type along the strip line. Generally, aMBVP cannot
be solved by conventional methods, such as those involving the
separation of variables or a standard Fourier transform.

A function theoretic method called the Wiener–Hopf technique
[13,14] has proven a powerful tool forMBVPs and has yielded exact
solutions for certain types of geometry of two-part MBVPs.
However, simultaneous integral equations inevitably appear with a
multivalued kernel when the Wiener–Hopf technique is applied to a
three-part MBVP, such as diffraction by a strip or a slit. As no
solution technique exists for these coupled integral equations,
Abrahams and Lawrie [15], Abrahams [16], and Crighton [17] have
studied approximate and asymptotic factorizations of the branched
Wiener–Hopf kernel. Furthermore, significant research by Latta
[18],Williams [19], and Shanin [20,21] employing a novel approach
that does not use theWiener–Hopf technique has been conducted. A
solution technique for the Wiener–Hopf integral equation was
introduced in a book by Noble [14]. He used the simplifying
technique of Jones [22], constructed two simultaneous integral
equations, and then decoupled these into two single equations.
Additionally, usingNoble’s approach [14], Kobayashi [23] analyzed
electromagnetic diffraction by a strip and obtained an asymptotic
solution that was superior to that of GTD. However, these works
[14,23] were restricted to a zeroth-order analysis that assumed the
unknown inside the integral to be a constant: they are thus valid only
for high-frequency problems.

This paper provides an improved solution technique to solve the
Wiener–Hopf integral equation. As the formulation procedure of the
integral equations is based on the work of Noble [14] and Jones [22],
in this paper, only a brief summary of the formulation of the proposed
problem is given in Sec. III. In Sec. IV, the unknown inside the
integral is expanded by a Taylor series of arbitrary order, and the
integral terms including the unknown are analytically evaluated in
the form of the generalized gamma functions of �m�u; z�. The
original integral equations are then recast into the simultaneous
algebraic equations to determine the differential coefficients of each
term in the series by solving thematrix system.However, because the
generalized gamma functions are not in a closed form, but in an
integral form, evaluation of the function values and their derivatives
is the main difficulty when attempting to obtain a higher-order
solution. As the generalized gamma function occurring in finite
diffraction theory has a specific argument u as nonnegative
integer� 1

2
, the authors used their previously formulated exact and

closed-form formula [24] for this special function to obtain a
complete series solution. In Sec. V, the scattered and total acoustic
field and directivity patterns are visualized in the physical domain
with the inclusion offluid convection, and each term of the solution is
interpretedwith its physicalmeaning as 1) semi-infinite leading-edge
scattering, 2) a trailing-edge correction, and 3) an interaction
between the leading and trailing edges, respectively. The physical
meaning of the second term is also heuristically explained in

connection with diffraction by semi-infinite leading and trailing
edges.

II. Problem Definition

A. Governing Equation

A strip of length 2l (�l < x < l, y� 0) encounters a small
perturbation within the subsonic uniform flowU parallel to the strip,
as shown in Fig. 1. The strip is assumed to be infinitesimally thin and
straight, and the perturbation to the mean flow is assumed to be a
time-harmonic plane wave with a time factor of e�i!t. This incoming
wave naturally causes the scattered velocity perturbation to have the
same time factor as the incident wave.

The total acoustic potential, denoted by the subscript t, can then be
described at any point by the superposition of incident and scattered
potentials, denoted by the subscripts i and s, respectively:

’t�x; y; t� � ’i�x; y; t� � ’s�x; y; t� (1)

where ’i�x; y; t� � exp�i�kx cos �i � ky sin �i� � i!t� and
’s�x; y; t� � ’�x; y�e�i!t. Here, �i is the incidence angle, ! is the
temporal angular frequency, and k is the incident wave number
defined by!=c, where c is the speed of sound in a stationarymedium.
The governing equation for the spatial acoustic potential ’�x; y� is
thenwritten byEq. (2),whereM is theMach number defined byU=c:

��1 �M2�@2x � 2ikM@x � @2y � k2�’�x; y� � 0 (2)

To alleviate the complexity due to the presence of uniform flow, the
nondimensional Prandtl–Glauert (NPG) coordinates are introduced
with the definitions of the acoustic potential� and thewave number �
given in Eq. (3):

�� x=l; �� �y=l;
�� �1 �M2�1=2 and ’�x; y� � ���; ��e�i�M�

(3)

where �� ��2kl. Equation (2) is then recast into the Helmholtz
equation of Eq. (4):

�@2� � @2� � �2����; �� � 0 (4)

Here, the incident wave ’i�x; y� � exp�ik�x cos �i � y sin �i�=�1�
M cos �i�� is equivalently rewritten by �i��; �� � exp�i��� cos �e�
� cos �e��.

B. Boundary Conditions

The flow normal to the strip should be impermeable, so that the
incident velocity perturbation will induce a scattered field that must
satisfy the boundary condition, such that the normal derivative of the
total acoustic potential on the strip is zero. This is written as Eq. (5a).
The normal derivative of the scattered potential is continuous
everywhere on �� 0, as expressed by Eq. (5b). However, the
potential is continuous except for the strip region, as written in
Eq. (5c). For the use of the Wiener–Hopf technique, � is assumed to
have a small positive imaginary part �2, that is, �� �1 � i�2. The
positive �2 causes the scattered potential to decay exponentially at
infinity, and this behavior at infinity yields the fourth boundary
condition, as expressed by Eq. (5d). After the solution is obtained,
this damping factor is set to be zero:

����; 0� � �i� sin �eei�� cos �e on �� 0 for � 1< � < 1 (5a)

Fig. 1 Airfoil encountering plane wave in a uniform flow.

2978 JEON AND LEE



����;�0� � ����;�0� for �1< � <1 (5b)

���;�0� � ���;�0� for � <�1 or 1< � (5c)

For any fixed �,

j�j<D1 exp���2� cos �e� as �!1 and

j�j<D2 exp��2� cos �e� as �! �1
(5d)

III. Formulation of the Wiener–Hopf
Integral Equation

A. Wiener–Hopf Equation

The Fourier transform pairs of the unknown scattered potential �
are defined by Eq. (6):

���; �� �
Z 1
�1
���; ��ei�� d� and

���; �� � �2���1
Z 1
�1

���; ��e�i�� d�
(6)

From Eq. (5d), the transformed potential can be rewritten as

���; �� � e�i�����; �� � e	i��0

��; �� � ei�����; �� (7)

where

����; �� �
Z �1
1
���; ��ei���1�� d�

�0

��; �� �

Z
1

�1
���; ��ei��
1�� d�

����; �� �
Z 1
1

���; ��ei���1�� d�

Every “minus” function, such as ��, is analytic in the lower-half
complex plane of Im���< �2 cos �e. And, every “plus” function,
such as ��, is analytic in the upper-half complex plane of
�k2 cos �e < Im���, respectively.

Now, by taking the Fourier transform of Eq. (4), an ordinary
differential equation is obtained as shown:

�@2� � 	2�������; �� � 0 (8)

where 	��� � ��2 � �2�1=2 � 	����	���� and 	���� � ��� ��1=2,
	���� � ��� ��1=2. The general solution of Eq. (8) is obtained by
Eq. (9) using the boundary condition Eq. (5b) and the nondiverging
condition at infinity:

���; �� �
�
A���e�	����; � > 0

�A���e	����; � < 0
(9)

Thus, two expressions of the transformed potential� are given. The
first is Eq. (7), as expressed by Fourier transforms of the acoustic
potentials, and the second is Eq. (9), as expressed by the coefficient
function A���.

Setting ���0 and ���0 in Eq. (7) and taking the difference of
the resultant equations with the use of the boundary condition given
in Eq. (5c), the following equation is obtained:

2A��� � e	i��0

��;�0� � e	i��0


��;�0� � 2e	i��d

��� (10)

Here, �d indicates the difference in the transformed potential
between ���0 and ���0 on the finite strip.

The Fourier transform of � derivatives of Eqs. (7) and (9) are
considered at this point. Differentiating by �, setting �� 0, and
matching the resultant equations results in

e�i��0���; 0� �
Z

1

�1
����; 0�ei�� d�� ei��0���; 0� � �	���A���

(11)

Here, both prime and the subscript � denote the derivatives with
respect to �. The definite integral in Eq. (11) can be evaluated as
shown next, using the impermeability boundary condition of
Eq. (5a):Z

1

�1
����; 0�ei�� d���

Z
1

�1
i� sin �ee

i�� cos �eei�� d�

�� q

�� p �e
i���p� � e�i���p�� (12)

where p� cos �e and q� sin �e. Finally, combining Eqs. (10–12),
the Wiener–Hopf equations are obtained, as shown here:

e�i��0���� �
q

�� p �e
i���p� � e�i���p�� � ei��0����

� �	���e	i��d

��� (13)

In Eq. (13), there are two equations, whereas the number of
unknowns (written in capital Greek letters) is four. This insufficient
number of equations compared with the number of unknown
functions can be offset by the decomposition technique at the heart of
the Wiener–Hopf technique, described as follows in Sec. III.B.

B. Summary of Integral Equation Formulation

Each term in Eq. (13) can be decomposed by plus and minus
functions using decomposition techniques. Multiplication decom-
position is simply performed by using 	��� � 	����	����.
Moreover, for the summation decomposition of the terms containing
the unknowns, Cauchy’s integral formula was used. After placing
every plus function on the left side and every minus function on the
right side, and using the Abelian theorem and Liouville’s theorem,
four equations with four unknowns are obtained. Then, by choosing
two of these equations alongwith the decoupling technique proposed
byNoble [14], it is possible to construct two single integral equations
with two unknowns, as follows:

�1;2
� ��� 	

	����
2�

Z 1�ic
�1�ic

�1;2
� �
�
	��
�

e2i



� � d


� 	�����Fa��� �Ga��� 	 Fb��� 	Gb���� (14)

where

�1;2
� ��� ��0���� 	�0�����

Fa;b��� �
qe	ip

�	 p

�
1

	����
� 1

	��
p�

�

Ga;b��� � �
qe
ip

�	 p �W0��� �W0�
p��

and

� �2 cos �e <�c < Im���< c < �2 cos �e

W0��� � 2e�2i�
Fc�2

����������������������
��� ��=�

p
�������������

�� �
p

and
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Fc�v� � 2�1=2e�i�=4
Z 1
v

ei�t
2=2 dt

Here, the integral in Fc�v� is the complementary Fresnel integral.
Similar mathematical details are presented in Noble’s work ([14],
pp. 196–207).

IV. Solution in Complex Domain

A. Higher-Order Solution Technique

In this section, an improved solution technique using a Taylor
series expansion of the unknown function is described. This is a
generalization of the approach by Noble [14] and Kobayashi [23]
who obtained a zeroth-order approximate solution. As the plus
function is analytic along the given path of integration, the unknown
function can be expanded by a Taylor series centered at 
� 
0:

�1;2
� �
� � lim

N!1

XN
n�0

dn�1;2
� �
0�

n!d
n
�
 � 
0�n (15)

Using a binomial expansion and deformation of the integral path
along the branch cut, the integral term in Eq. (14) can be evaluated
exactly, as shown next. (Note that Noble [14] and Kobayashi [23]
considered the case ofN � 0.) Details of this process are explained in
a thesis by the first author [25]:

Z 1�ic
�1�ic

�1;2
� �
�
	��
�

e2i



� � d


� lim
N!1

XN
n�0

dn�1;2
� �
0�

n!d
n
�� � 
0�n

�Xn
l�0

nCl

�
i

2�� � 
0�

�
l

Wl���
�

(16)

where

Wl��� �
���
2
p

�
ei�2���=4��1

�
l� 1

2
;�2i��� ��

�

and

�m�u; z� �
Z 1
0

tu�1e�t

�t� z�m dt

Here, nCl is the binomial coefficient and �m�u; z� is the
generalized gamma function defined by Kobayashi [26], which is a
generalized expression of the gamma function corresponding to
m� 0. It is important to note that the argument u has the specific
form of a “nonnegative integer� 1

2
”. Here, by putting Eq. (16) into

Eq. (14), the following algebraic equations are obtained (with
limN!1 omitted henceforth):

�1;2
� ��� �


XN
n�0

dn�1;2
� �
0�

n!d
n

�Xn
m�0

nCm

�
i

2

�
m

�� � 
0�n�mVm���
�

� S1;2��� (17)

where Vn��� � 	����Wn��� and S1;2��� � 	�����Fa����
Ga��� 	 Fb��� 	Gb����.

By setting 
0 as �, the complexity due to two summation symbols
about n and m can be reduced using one summation symbol only
about n, as follows:

�1;2
� ��� �


XN
n�0

�
i

2

�
n dn�1;2

� ���
n!d
n

Vn��� � S1;2��� (18)

Differentiating both sides ofEq. (18)with respect to� bym times (for
m� 0� N) and putting � into � allows the construction of N � 1
simultaneous algebraic equations to determine N � 1 unknown
differential coefficients in the summation symbol:

dm

d�m
�1;2
� ��� 	

XN
n�0

�
i

2

�
n 1

n!

dm

d�m
Vn���

dn

d�n
�1;2
� ���

� dm

d�m
S1;2��� for m� 0� N (19)

These equations can be rewritten in matrix form by Eq. (20), where
the matrix A1;2 and vectors X1;2 and B1;2 are given as

A 1;2X1;2 � B1;2 (20)

where

A 1;2 � �a1;2mn��N�1��N�1�; X1;2 � �x1;2m �N�1; and B1;2 � �b1;2m �N�1

and where

a1;2mn � �mn 	
�
i

2

�
n 1

n!

dm

d�m
Vn���

x1;2m �
dm

d�m
�1;2
� ���

b1;2m �
dm

d�m
S1;2���

and �mn is the Kronecker delta.
By solving Eq. (20), the differential coefficients are evaluated.

Thus, the solution is completed in series form by Eq. (18). Simply by
increasing the number of terms, a more accurate higher-order series
solution is obtained. For the evaluation of the matrix, whose entries
contain the generalized gamma function and its derivatives, the exact
and closed-form formula of the generalized gamma function suitable
for this problem is used, as the original function is in integral form.

B. Exact Formulas of Generalized Gamma Functions and Complex

Potential

Upon the first appearance of the generalized gamma function in
Kobayashi’s [26] paper (cf. Noble’s [14] used the notation of the
Whittaker function, suitable for his asymptotic zeroth-order analysis,
which corresponds to m� 1 in the generalized gamma function
�m�u; z�), the importance of this special function was emphasized,
especially with respect to the mathematical theory of diffraction
related to theWiener–Hopf technique. Kobayashi also investigated a
number of mathematical properties, formulas, and recurrence
relations of this special function. Several papers dealing with this
special function have been reported in recent years; notably,
Srivastava et al. [27] summarized and unified the previous
mathematical expressions. In the present paper, the exact and closed-
form formula of the generalized gamma function, which is useful for
the proposed finite diffraction problem, is introduced for the specific
argument of u� positive integer� 1

2
. As the derivation procedures

and the mathematical details can be found in an earlier paper by the
authors [24], only the results are introduced here.

Equation (21) shows the exact formula of the generalized gamma
function for a real argument z. Here, ��z� is the well-known gamma
function corresponding tom� 0 and “erfc” is a complementary error
function:

�1�n�1=2;z��
Xn�1
k�0
��z�n�1�k��k�1=2�����n��n�1=2e�erfc�

���
�
p
�

(21)

For a suitable form for the proposed problem, putting �2i��� ��
into z, Eq. (21) is rewritten as Eq. (22):
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�1�n� 1=2;�2i��� ��� �
Xn�1
k�0
�2i��� ���n�1�k��k� 1=2�

� ���n2���2i��� ���n�1=2e�2i�����Fc�
������������������������
2��� ��=�

p
� (22)

As shown in Eq. (22), the generalized gamma function occurring in
the finite diffraction theory is expressed by a combination of the
Fresnel integral and polynomials. The role of the Fresnel integral in
diffraction theory is apparent, not only in semi-infinite diffraction but
also in the finite diffraction phenomena. The formula for the arbitrary
positive integer m is also obtained using Eq. (23), by simply
differentiating Eq. (22) (m� 1) times with respect to �:

�m�n� 1=2;�2i��� ���

� �2i�
�m�1

�m� 1�!
dm�1

d�m�1

�Xn�1
k�0
�2i��� ���n�1�k��k� 1=2�

� ���n2���2i��� ���n�1=2e�2i�����Fc
�
2

������������
�� �
�

r ��
(23)

Finally, by solving Eq. (20) using the formula of Eq. (23), a complete
series solution for the transformed potential in complex domain is
obtained, as follows:

���; �� �
�
A���e�	����; � 
 0

�A���e	����; � � 0
(24)

where

A��� � �	�1����e�i��0���; 0� ��00��; 0� � ei��0���; 0��
� A1��� � A2��� � A3���

where

A1��� � �
iqe�i���p�

��� p�
������������
�� �
p �������������

�� pp ;

A2��� �
iqei���p�

��� p�
������������
� � �
p ������������

� � pp

and

A3��� � �
iei�������������
� � �
p

�
Ga��� �

XN
n�0

�
i

2

�
n 1

n!

x1n � x2n
2

Wn���
�

� ie�i�������������
�� �
p

�
Gb���� �

XN
n�0

�
i

2

�
n 1

n!

x1n � x2n
2

Wn����
�

This series solution is the first solution obtained without using
separable coordinates, such as the elliptic cylinder coordinates that
yielded an exact solution of the Mathieu series. The series solution
can provide more accurate results simply by solving the linear
algebraic equation [i.e., Eq. (20)] in an arbitrary higher order, thereby
assuring convergence. To check the convergence of this series
solution, the authors investigated the convergence property of this
series solution in the complex domain before performing inverse
Fourier transforms. As one measure of convergence, the real part of
A��� along the path of integration for the inverse Fourier transform
was examined by increasing N. As the imaginary part of the path of
integration is infinitesimally small, the imaginary part is considered
as one-hundredth of its real part. It is then possible to check the
converging behavior of the present series solution. This series
solution showed fast convergence at a high-frequency region, so that
only a small number of terms were required to complete the
convergence. As the frequency was lowered, additional terms were
necessary for convergence (cf. N was 1 for �� 10, N was 2 for
�� 5, and N was 4 for �� 1). This convergence behavior contrasts
with that of the Mathieu series, which shows faster convergence at a
lower frequency rather than at a higher frequency.

V. Solution in Physical Domain:
Visualizations and Interpretations

A. Exact and Asymptotic Inverse Fourier Transforms of Complex

Potential

The first term in complex potentials referring to A1 in Eq. (24) is
exactly evaluated by deforming the original path of integration into a
hyperbola and a large circular arc connecting the original path, as
follows:

�u1�r1; �1� � e�i� cos �efI0�r1;��1 � �e� � I0�r1;��1 � �e�
� ei�r1 cos����e��1� sgn��e � �1��=2g (25a)

�l1�r1; �1� � �e�i� cos �efI0�
���1 � �e� � I0�
���1 � �e�
� ei�r1 cos����e��1� sgn��e � �1��=2g (25b)

where

I0�r; �� � sgn�sin��=2��ei�r cos �Fc�2
�����������
�r=�

p
j sin��=2�j�

and

Fc�v� � 2�1=2e�i�=4
Z 1
v

eit
2�=2 dt

Here, the superscripts u and l indicate regions of the upper half
�0< �1 < �� and the lower half ��� < �1 < 0� in the physical plane,
respectively, and the polar coordinates are defined by
�� 1� r1 cos �1, �� r1 cos �1, where �� < �1 < �.

Likewise, the exact evaluation of the second term referring to A2

can be obtained as follows:

�u2�r2; �2� � ei� cos �efI0�
� �2 � �e� � I0�
� �2 � �e�
� ei�r2 cos��2��e��1� sgn��e � �2��=2g (26a)

�l2�r2; �2� � �ei� cos �efI�
���2 � �e� � I�
���2 � �e�
� ei�r2 cos��2��e��1� sgn��e � �2��=2g (26b)

In this formula, the polar coordinates are defined by
� � 1� r2 cos �2, �� r2 cos �2, where �� < �1 < �.

For the third term referring to A3 in Eq. (24), there is no direct
method to evaluate the integral exactly. Therefore, the method of
steepest descent was applied. Hence, the asymptotic result is given as

�3�r; �� �
�������������
�=2�r

p
ei��r��=4� sin � A3��� cos �� (27)

Apparently, Eq. (27) has a couple of singular points when the
observation angle � coincides with the incidence angle of �� �e, the
reflection angle of ����e, �� �, and �� 0. However, as all
singular points are removable singularities, no singular problem
appears.

B. Visualization and Interpretation of the First Term

First, it is not difficult to recognize that�1 in Eqs. (25a) and (25b) is
identical to the solution of diffraction by a semi-infinite strip
(�1< x <1, y� 0); this is clearly shown in Figs. 2a and 2b.
Figure 2a shows the total acoustic field by adding the incident plane
wave for �i � �=4 and kl� 10. Here, the physical domain is divided
roughly into three regions: 1) a zone of shadow �0< �1 < �i�, 2) a
zone of illumination ��i < j�1j< ��, and 3) a zone of reflection
���i < �1 < 0�. Figure 2b shows only the scattered acoustic field.
The minus incident wave exists in the zone of shadow, because this
region is behind the semi-infinite strip. In the zone of illumination,
spherically propagating diffracted waves emitted from the sharp
leading edge can be observed clearly, and in the zone of reflection,
there is a plus reflection wave.

Now, to show the effect of fluid convection, the solution in the
NPG coordinates is converted into the physical domain, as shown in
Fig. 3 for M� 0:5. Here, the illuminated region is extended to the
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shadow zone due to the uniform flow, and the wavelength and the
speed of propagation are increased, as shown in Fig. 3b. In addition,
as the direction of the wave and the flow are identical, the amplitude
is decreased due to extension of the wave.

C. Visualization and Interpretation of the Second Term

In this section, the second term referring to �2 in Eqs. (26a) and
(26b) is visualized and interpreted with its physical meaning.
Figure 4a shows the total acoustic field of �1 � �2 � �i for �i � �=4
and kl� 10. Here, the zone of shadow is observed, where diffracted
waves by leading and trailing edges are superposed behind the finite
strip. In the zone of reflection, checked patterns superposed by the
incident and reflected waves can be seen clearly.

In Fig. 4b, minus incident waves and reflected waves are observed
in the zone of shadow and zone of reflection, respectively.
Additionally, in the zone of illumination, distorted spherical waves
that are emitted from the sharp leading and trailing edges can be
observed. In Sec. V.B, the first term indicates scattering by a semi-
infinite leading edge. By adding this second term, geometrical
finiteness is roughly considered; therefore, the second term plays a
role of trailing-edge correction to the first term. Further physical
meaning of the second term is considered heuristically in Sec. V.E.

D. Visualization and Interpretation of the Third Term

Lastly, the physical meaning of the third term referring to �3 in
Eq. (27) was investigated. As the contour plots of the total and
scattered acoustic fields including �3 are similar to what is shown in
Fig. 4, the directivity pattern is plotted for a quantitative comparison.
Figure 5 shows the directivity of a scattered wave normalized by an
incident wave. The dashed and solid lines indicate the solution of
�1 � �2 and �1 � �2 � �3, respectively. In Fig. 5a, for kl� 10 and
�i � �=4, we can observe that the difference between the dashed and
solid lines is very small, except for the region of �� 0 and �� �.
(The solid line represents the converged solution of N � 1, and this
convergence was checked in the manner explained at the end of
Sec. IV.B.) However, in Fig. 5b, for kl� 5 and �i � �=4, the
difference between the dashed and solid lines is clearly seen
everywhere, unlike in Fig. 5a. In the case of the low frequency
kl� 5, the converged solutionwas obtained forN � 2. Furthermore,
for a lower value of kl, the number of N for convergence increases.

This indicates that the contribution of the higher-order terms in the
present series solution increases as the incident frequency decreases.
In other words, the interaction between the leading and trailing edges
is more important for intermediate and low frequencies, whereas it
can be negligible at a high frequency. As the third term referring to�3

Fig. 2 Acoustic field for kl� 10 and �i � �=4: a) Re��1 � �i�, b) Re��1�.

Fig. 3 Effect of fluid convection for kl� 10 and �i � �=4: a)M � 0, b) M � 0:5.
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played the role of eliminating the discrepancies around the leading
(�� �) and trailing (�� 0) edges, this term can be interpreted by the
interaction between these edges.

To observe the effect of fluid convection for the finite diffraction
phenomena, the directivity pattern in the presence of a uniform flow
is compared forM � 0 andM � 0:5 in Fig. 6. This figure shows the
effect of fluid convection such that the lobe is inclined along the flow
direction, and the magnitude of the downstream wave decreases due
to the extension of the wave that stems from the identical directions
of the wave and the flow.

Meanwhile, the amplitude and the wave number of the diffracted
wave propagating upstream are increased due to the compression of
the wave, as the flow direction is the opposite of the wave direction.

E. Further Investigation of the Second Term: A Heuristic

Description

In the preceding section, the physical meaning of the second term
referring to �2 is given roughly by a trailing-edge correction. In this
section, the geometric finiteness is heuristically examined and an
interesting meaning of the second term is found. For this
supplementary investigation, the total acoustic fields by a single
leading edge at x��1 and a single trailing edge at x� 1 are
demonstrated, respectively.

First, the total acoustic field by a single leading edge is shown in
Fig. 7 for kl� 10 and �i � �=4. Figure 7a shows the schematics of
the acoustic field in the sense of geometric decomposition. Here, dL
indicates the diffracted wave by the leading edge, and i and r indicate
the incident and reflected waves, respectively.

The waves in the zone of shadow, in the zone of illumination, and
in the zone of reflection are clearly seen in Fig. 7b as decomposed in
Fig. 7a. Likewise, the total acoustic field by a single trailing edge at
x� 1 can be decomposed, as shown in Fig. 8a. Similarly, dT
indicates the diffracted wave by the trailing edge, and i and r indicate
the incident and reflected waves, respectively. Figure 8b shows the
real acoustic field, which is in approximate agreement with the
geometric decomposition presented in Fig. 8a.

Now, Figs. 7b and 8b are superposed and the meaning of this
superposition is illustrated in Fig. 9. IfdLwere continuous across the
semi-infinite leading edge and dT were continuous across the semi-
infinite trailing edge, the only difference between the upper- and
lower-half plane across y� 0 would be i� r, as shown in Fig. 9a.
This indicates that, if the redundant “incident� reflected” waves in
the lower-half planewere removed, the approximate acousticfield by
a finite strip could be obtained, not by solving a complicated three-
part mixed boundary value problem, but by solving two semi-infinite
problems involving two-part mixed boundary conditions. The
superposed acoustic field and redundant-wave-removed field are
shown in Figs. 9b and 10b.

Fig. 4 Acoustic field for kl� 10 and �i � �=4: a) Re��1 � �2 � �i�, b) Re��1 � �2�.

Fig. 5 Directivity patterns of �1 � �2 (dashed) and �1 � �2 � �3

(solid): a) kl� 10, b) kl� 5.

Fig. 6 Directivity pattern with fluid convection for kl� 10 and �i �
�=4 (dashed line: M � 0, solid line: M � 0:5).
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Clearly, asdL behind the trailing edge anddT ahead of the leading
edge are not continuous across y� 0, this geometric consideration
cannot provide a correct result for finite diffraction. However, by
virtue of this consideration, an interesting physical meaning of the
second term was found in the analytic solution by plotting the
directivity of the scattered acoustic field at R� 10l. Figure 11a
shows the directivity pattern of the heuristically constructed acoustic

field. Surprisingly, the directivity of this heuristic description is
identical to the directivity pattern of �1 � �2, as shown in Fig. 11b.

This signifies that �2 provides 1) an addition of a semi-infinite
trailing-edge solution and 2) the removal of the redundant field of
“incident” and “reflected” waves in the lower-half plane. This
heuristic description of geometric finiteness represents the physical
meaning of the mathematical formula of �2.

Fig. 7 Scattering by a semi-infinite leading edge at x��1 �kl� 10; �i � �=4�: a) schematics, b) total acoustic field.

Fig. 8 Scattering by a semi-infinite trailing edge at x� 1 �kl� 10; �i � �=4�: a) schematics, b) total acoustic field.

Fig. 9 Superposition of the leading and trailing edges �kl� 10; �i � �=4�: a) schematics, b) acoustic field.
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If the frequency of the incident wave is high enough that the
geometric decomposition of acoustic field is reasonable, the finite
diffraction phenomena can be roughly replaced by this heuristic
description with reasonable accuracy except for the leading- (�� �)
and trailing- (�� 0) edge regions, as shown in Fig. 5a.

VI. Conclusions

As a fundamental study of aerodynamic sound diffraction by a thin
airfoil, an advanced mathematical analysis of the Wiener–Hopf
integral equation was presented. Whereas the integral equation
approaches performed by Noble [14] and Kobayashi [23] were
restricted to a zeroth-order approximate solution, in this paper, the
authors improved the accuracy of the solution by expanding the
unknown inside the integral by a Taylor series in an arbitrary order.
By evaluating each term of the integrand analytically, the original
integral equations with a multivalued kernel could be recast into
simultaneous algebraic equations of the unknown differential
coefficients of the Taylor series. The exact and closed-form formulas
of the generalized gamma function derived by the authors played an
important role in the evaluation of the matrix entries and thus in the
acquisition of the complete series solution. The convergence of the
series solution was investigated in the physical domain and in the
complex domain. The present series solution shows faster
convergence in the high-frequency range relative to the low-
frequency range, which is the opposite property of theMathieu series
solution. The second-half of the paper is devoted to visualizing and
interpreting the diffracted acoustic fields. By virtue of the

visualizations, it was possible to observe the multiple-edge
diffraction phenomena in the presence of fluid convection and to
understand the physical meaning of the complicated mathematical
solution. It is hoped that the present analytic solution will contribute
to the development of computational aeroacoustics in the numerical
treatment of sharp edges and inflow/outflow boundary conditions.
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